Abstract. Zariski Problem (Cancellation of indeterminates) is settled affirmatively, that is, it is proved that : Let k be an algebraically closed field of characteristic zero and let n, m
the set of all prime ideals of R and Ht 1 (R) denotes the set of all prime ideals of height one. Our general reference for unexplained technical terms is [6] .
Preliminaries
Definition 1.1. Let f : A → B be a ring-homomorphism of finite type of locally Noetherian rings. The homomorphism f is called unramified if P B P = (P ∩ A)B P and k(P ) = B P /P B P is a finite separable field extension of k(P ∩P ) = A P ∩P /(P ∩ Proof. If { x 1 , . . . , x r } is a regular system of parameters of A and if y 1 , . . . , y s ∈ n are such that their images form a regular system of parameters of B/mB, then { ϕ(x 1 ), . . . , ϕ(x r ), y 1 , . . . , y s } generates n. and r + s = dim B. Hence B is regular. To show flatness, we have only to prove Tor A 1 (k, B) = 0. The Koszul complex K * (x 1 , . . . , x r ; A) is a free resolution of the A-module k. So we have
. . , x r ; B)). Since the sequence ϕ(x 1 ), . . . , ϕ(x r ) is a part of a regular system of parameters of B, it is a B-regular sequence. Thus H i (K * (x 1 , . . . , x r ; B)) = 0 for all i > 0. Corollary 1.3. Let k be a field and let R = k[X 1 , . . . , X n ] be a polynomial ring.
Let S be a finitely generated ring-extension of R. If S is unramified over R, then S is etale over R.
Proof. We have only to show that S is flat over R. Take P ∈ Spec(S) and put p = P ∩ R. Then R p ֒→ S P is a local homomorphism. Since S P is unramified over R p , we have dim S P = dim R p and S P ⊗ Rp k(p) = S P /P S P = k(P ) is a field. So by Lemma 1.2, S P is flat over R p . Therefore S is flat over R by [6, The proof of the following is seen in a lot of texts of algebra, e.g., [9] Lemma 1.5. Let k be an algebraically closed field of characteristic zero, let R be
Then there exist a 1 , . . . , a n ∈ k such that, putting 
is unramified over R, where
Let A be a Krull domain and let Cl(A) denote the divisor class group of A. Hence R m is regular for all maximal ideal m of R. Thus R is regular.
Zariski Problem
Now we prove our main result, Zariski Problem. In order to prove this theorem, we may asuume that m = 1 by induction. So we have only to show the following :
Proof. First note that R is a regular UFD by Corollary 1.9 and Lemma 1.10. Put
, where we may assume that X n+1 appears in f (X 1 , . . . , X n+1 ) and that f (X 1 , . . . , X n+1 ) is monic polynomial in X n+1 by Lemma 1.5. Then
where x i denotes the residue class of X i modulo (f (X 1 , . . . , X n+1 )) and α is that
is the (monic) minimal polynomial of α over K(A). Hence the equation f (X) = 0 has all distinct roots in an algebraically closed field containing K(A), ie.,
is expressed as a product of distinct linear monic polynomials in k[X].
and k is algebraically closed field. Conversely, for every c 1 , . . . , c n ∈ k, putting
In order to show that f
, we have only to prove
Note that A[X]/(f (X)) ∼ = k R (which is regular) and that for a maximal M
. . , c n ∈ k. Hence the Jacobian matrix is 
